The Fundamental Theorem of

Calculus
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The fundamental theorem of calculus has several statements, and, depending on
who you ask, can even be considered to be more than just one theorem. In one per-
spective, that of differential forms, Stokes” Theorem is the true fundamental theorem
of calculus. In another, in that of measure theory, maybe the Lebesgue differentiation
theorem is in some sense the fundamental theorem of calculus.

Probably, there are way more perspectives, advanced and elementary, on the “fun-
damental theorem of calculus”. Here I cover the fundamental theorem of calculus that
appears in... calculus classes. However, this is a rigorous exposition, and requires some
understanding of real analysis. I cover their relationships via continuity and differen-
tiability.

I'was asked by a university I applied to for a math Ph.D to prepare an explanation of
the fundamental theorem of calculus for an interview. This gave birth to these notes,
which I typed up as I was re-studying this topic. I expected to give a super technical
explanation, but it turns out I only had to give a very elementary, introductory one, as
if T was explaining in a Calculus I class. Oh well.

Preliminaries

Let f be a Riemann-integrable function on the interval [4, &]. Note that this means
f is bounded, as Riemann sums are not well-defined for an unbounded function on a
closed interval.

Consider the function F defined to be

F(x) = / F(o)dr.
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We claim that F is continuous.

Proof. Forall points x, y suchthata < x < y < b, we have that

‘/axf(t)dt+/xyf(t)dt=Lyf(t)dt.

F(x)+/yf(t)dt=F(y).

So,

y
and so F(y) — F(x) =/ f@)dtforalla < x < y <b.

X
Use /”s boundedness now, and let |f(¢)| < M forallz € [a,b]. We can now
directly show that F is continuous.

Lets > 0. Putd = ¢/ M, soif
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we have that

:g,

thus showing that F is continuous. (And more, this proves that F is uniformly contin-
nous) O

1 The first fundamental theorem of calculus

What if / is already continuous? In that case, we have the following result:
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Theorem r.0.1 (The first fundamental theorem of calculus). Let / be Riemann-
integrable on [4, 6], and let /" be continuous at a point xp of [4, &]. Then if we
define the function F to be

X
F(x):= / f(¢)ds,
a
we have that F is differentiable at x(, and moreover,

F'(x0) = f(x0).

Proof. Pick two distinct points x~ < x™ inside [4, &]. Note that the difference quo-
tient for the function F,
F(x) - F(x7)
xt —x~ ’

has a particular meaning, looking at the following computation:

F(x*) - F(x) / " Pl - / " foa i / jﬁf (1)dt

xt—x~ xt—x~ xt —x~

Itis the average value of f on the interval [x*, x™]. The idea here is that /s continuity

at xo in fact forces the average value of [ to be close to f (x0) in a small enough neighbor-
hood of xy.
Use f7’s continuity: let ¢ > 0, and choose 9 such that

I () = f(x0)| < ¢ for all # such that |t — xo] < 0.
Now, choose the two numbers x~ < x* so that
X0—0<x <x)<x" <x0+9.

This just means that [x*, x7] is a smaller neighborhood of xg than the closed ball of
radius 0 centered at xg; [x0 — 0, X9 + ¢ ]. Now we write down the distance between our
difference quotient and f'(x), which is

FG) = FG) o

xt—x
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and make the following calculation:

PP )| = | i / " pode - )
e [ e
=l ( / " e - (- x->f<xo>)
.- ( / " e - / x+f(xo)dx)
L [ s
< e - felar
< = ix_ /j edt

1
= ———e¢(x"—x7)
o —

1
= ———e¢(x"—x7)
o —

=c.
If we compress that all down, we have that

F(a*) = F(x7)

xt—x~

f(x0)| < ¢,

and we are almost done. If we fix x~ = xp and let x™ | x, ' the above allows us to
prove the right hand limit

. F(x") = F(xo)
l1m —_— =
xt [ xg xt — xg

f (x0).

"This notation means that x* approaches x from above
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Then, fixing x* = x¢ and letting x~ T xp,” this gives us the left hand limit

I F(xp) — F(x™) _
im ————= =

x~ Txo X0 — X~

f (x0).

Then we have the two-sided limit, and we finally conclude that

F’(x0) = lim Fx) = Fxo) _

X—X0 X — X0

f (x0).

]

We note some consequences of this theorem. The theorem statement, in the in-
terest of generality, was concerned only with continuity at a point. This can easily be
extended to the less general but more immediate case of continuity for the whole func-
tion

Corollary r.0.2. If f is a continuous function on [, 4], then the function
F(x) = / f()det
a

is differentiable on [4, b]. Moreover, F/ = f. This is commonly stated in more
slick but less precise notation

d X
flx) = / F(£)dt

But note that F'is notjust differentiable, but also continuously differentiable, mean-
ing its derivative is itself continuous.

This motivates the following statements. Let C°[4, 5] denote the set of all contin-
uous functions on [, b]. Let C'[ 4, b] denote the set of all continuously differentiable
functions on [, &].

*Similarly
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Define the two maps

I:C%a,b] - C'a,b]
f(o)l—)/ f()de

D :C'Ya,b] = C°[a,b]
ff

Care must be taken to verify that these maps are in fact defined correctly. For example,
why is C![4, ] the codomain of 7? This is a consequence of the fundamental theorem
of calculusitself. Why is C°[ 4, &] the codomain of D? This follows from the definition
of C[a, b] as the space of continuously differentiable functions.

Once those are resolved, we obtain the following, simple corollary of the first fun-
damental theorem of calculus

| Corollary r.0.3. Disaleftinverse of /,ie D o I = id, the identity map f > f

This is really a restatement of the first fundamental theorem of calculus when we
restrict ourselves to C°[4, 5] and C![4, #]. This has a further generalization if we
define C*[a, b], D*, I* in the natural way.

Corollary r.0.4. Forallz > 0, I* sends functionsin C” [, b] to C"**[ 4, b], and
DF* is aleft inverse of ¥

Can D be a right-inverse of I? No— there is a simple argument: the image of /
consists of functions that have the value 0 at 4, since

/;f(t)dtzo

trivially for any function /. But there are continuously differentiable functions /" such
that ' (4) # 0. Then (/ o D)f(a) =0 # f(a).

The main part of the problem is that (f + C)’ = f” for all constants C. The
following will show that fixing this situation is all about just putting the C “back in the
picture”.

Lemma 1.0.5. Let / be a function on [4, &]. We call differentiable functions F
such that F” = f antiderivatives of f .
Suppose /" has antiderivatives. Then we have the following
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(a) There exists a unique antiderivative £ of / such that Fy(2) = 0

(b) Every antiderivative of /" is £ + C for some constant C.

(c) Iff is continuous, then Fy = [f = / f(t)de

Proof. Note that for any antiderivative F of f and any constant C, (F+C)' = F' =,

so F + C is also an antiderivative of .
(a) Suppose / has an antiderivative . Then we can define the function
K :=F - E(0)
which, by the note, is an antiderivative of F. And, Fy(a) = E(a) — E(a) = 0.

(b) Recall a consequence of the mean value theorem: a function that has zero deriva-
tive everywhere is constant.

Let F be an antiderivative of /. Then
(F-FY =f-f=0

so Iy — Fis constant and Ky — F = C for some constant C, hence F = Fj+ C.
This gives us our uniqueness proof for £, since this forces two antiderivatives
that agree at any point to agree at all points.

(c) This just follows now from the first fundamental theorem of calculus and the
uniqueness of fp.

]

With this lemma we have one final corollary of the first fundamental theorem of
calculus— something that looks a/most like the second fundamental theorem of calculus

Corollary 1.0.6. If f is continuous and F is an antiderivative of f,

b
/ F(e)dt = F(b) - F(a)
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Proof.
F(b) - F(a) = (h(b) + C) = (Fo(a) + C)
= k() - ky(a)
b a
= / f@)de - f(2)dt
ﬂb a
= f(e)de

]

But we have a somewhat stringent requirement on /* here, namely that it should
be continuons. This forces our antiderivative F to be continuonsly differentiable rather
than just differentiable. The next result loosens this requirement

2. The second fundamental theorem of calculus

It turns out, what was not important for the above identity was not the continuity of £,
but the existence of an antiderivative F of f. It just so happens that /s continuity did
in factimply it had an antiderivative— this was what the first fundamental theorem said!
We just had to stir in the crucial fact that antiderivatives are more or less “the same” up
to adding a constant.

Now, more generally, we state the following theorem

Theorem 2.0.x. (The second fundamental theorem of calculus)
If £ is Riemann-integrable on [, 6], and F is an antiderivative of /

b
/ f()dx = F(b) - F(a)

Proof. Let P =a =x) <x1 <+ < X,_1 < X, = bbeapartition of [, b].
We do something very common when working with partitions: write a quantity
involving the first and last points as a telescoping sum

F(b) - F(a) = F(x,) = F(x0)
= F (%) = F(xp-1) + F(xn-1) = -+ = F(x1) + F(x1) = F(xo)

= > F(x) = F(xi-1)
=1
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Since F is differentiable, the mean value theorem gives us points ¢; € [x;_1, x;]

such that
F(x;) — F(x;-1)

X — Xi-1
for all 7. Since F’(#;) = f(¢;), we have that F (x;) — F(x;21) = [ () (%; — x;-1) =
f(¢;)Ax;, where Ax; = x; — x;_1.
Plugging this in to the sum, we’ve shown that

= F'(#)

n
F(b) = F(a) = ) f(t:)Ax;
i=1
Recall the definition of the lower and upper Riemann sums L(P, f) and U (P, f)

L(P,f) = an m;Ax; U(P,f) = an M;Ax;
=1

=1

where

(R PR N A

This gives us right away that m,; < f(;) < M;,ast; € [x;-1, x;]. Then
miAx; < f(8)Ax; < M;Ax;

So
n n n
Z m;Ax; < Z () Ax; < Z M;Ax;
=0 =0 =0
Which we may read off as

L(P,f) < ) f(t)Ax; <UD, f)
=1
We also already know that

b
L(P,f) < / f(x)dx <U(P,f)
Hence, as an exercise in inequality trickery, we may deduce
b
/ f(x)dx - (F(b) - F(ﬂ)) <UL, f)-L(P,f)

~— ———
:Z?:l /C(tz')AXz'
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Note that we have proved this for an arbitrary partition P. I appeal now to the theo-
rem’ thatsays if / is Riemann-integrable, we may always choose a partition P such that
U(P,f) - L(P,[) is arbitrarily small.

Let ¢ > 0. Choose a partition P such that U(P, f) — L(P, ) < . Then

b

/ f(x)dx — (F(b)— F(a))| < ¢
Since ¢ was arbitrary, in fact
b

/ f(x)dx — (F(b) - F(a))| <0

And finally!
b
[ Fode=F) - Fa

]

Say we’re interested in seeing where the second fundamental theorem of calculus
holds but not the first. In general, it’s actually not so easy to come up with functions
that are discontinuous but have antiderivatives. Consider the reverse problem: can we
find differentiable functions whose derivative is discontinuous? The following theorem
gives us a big problem here.

Theorem 2.0.2. (Darboux’s theorem)
If £ is differentiable on [4, &], then f” has the intermediate value property— for
allf’(a) < T < f’(b), thereexistsapoint @ < ¢ < bsuchthatf(¢) =T.

This tells us that /* cannot have simple discontinuities, as those break the interme-
diate value property.

However, that doesn’t stop us, since simple discontinuities are not the only kinds
of discontiniuties.

An example of a function with a discontinuous derivative is the function, defined
on[-1,1]

x%sin (%) x#0

x=0

f(x) =

3For a reference, see Theorem 7.2.8 in Abbott’s Understanding Analysis or Theorem 6.6 in Rudin’s Prin-
ciples of Mathematical Analysis

I0
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This has the derivative
in (1) — 1
f'(x)= szm(x) cos(x) x#0
0 x=0

which has discontinuity of the second kind at 0.
So forany 2 < 0 < &, the second fundamental theorem of calculus tells us that

[ o] ()] - n () -

Neat.

3 Counterexamples

The following demonstrates how jump discontinuities give a partial converse to the
first fundamental theorem of calculus— if / has a jump discontinuity at xp, F is not
differentiable at x.

Example 3.0.1. The following function is not continuous at 0.

0 <0
f(2) :={1

t>0

F(¢) ends up being a ramp function, which is not differentiable at 0.

The next example shows that removable discontinuities are more or less harmless

Example 3.0.2. The following function is not continuous at 0.

but F(¢) = ¢, which is differentiable at 0.

The following, most epic function yet, is Volterra’s function, which I do not want
to type up. It’s a function that is differentiable everywhere, but whose derivative is
not even Riemann integrable at all, which seems like a counterexample to the second
fundamental theorem of calculus, but this boils down to the considerations mentioned:
this function’s derivative is super discontinuous. In fact, itis discontinuous oz 2 Cantor
set.

II
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Example 3.0.3. (Volterra’s function)
Follow this Wikipedia link!

JasPER TY
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https://en.wikipedia.org/wiki/Volterra%27s_function
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